Abstract. Given a Diophantine triple {c 1 (t), c 2 (t), c 3 (t)}, the elliptic curve over Q(t) induced by this triple, i.e. y 2 = (c 1 (t) x + 1)(c 2 (t) x + 1)(c 3 (t) x + 1),
Diophantine quadruples and elliptic curves
We say that E is the elliptic curve induced by the Diophantine triple {c 1 , c 2 , c 3 }. Let c i c j + 1 = t 2 i,j , 1 ≤ i < j ≤ 4. Then the curve E has the following three rational points of order 2:
and at least three other rational points:
(1) Our goal in this article is to show that Diophantine triples and quadruples are good tools in the search for high rank elliptic curves having as torsion group one of the non-cyclic groups in Mazur's theorem.
In the case of torsion Z/2Z × Z/2Z we show that adequate specialization of the parameters induce subfamilies of curves with rank 4, rank 5 and rank 6 and torsion group Z/2Z × Z/2Z. We use a set of quadruples presented in [4] . The families of rank 6 over Q(t) represent an improvement over the known results of curves induced by Diophantine triples. Namely, in [1] a family of rank ≥ 5 over Q(t) was constructed. In the general case (not conditioned to be induced by Diophantine triples) Elkies constructed a family with rank ≥ 7, see [5] .
In our paper [11] we constructed a curve over Q(t) induced by Diophantine triples having rank 4 and torsion group is Z/2Z × Z/4Z. We also show an example of a curve with rank 9. These are the highest-rank results known for that torsion. We will give an overview of these results in order to complete the presentation.
In the case of torsion Z/2Z × Z/6Z we present three curves over Q(t) with rank 2 induced by Diophantine triples. This ties the results for the general case, see [12] . We also show that the curve with rank 6 over Q (which is the record for this torsion group and was found by Elkies see [5] ) is induced by a Diophantine triple.
Finally in the case of torsion Z/2Z × Z/8Z it is known that all such curves are induced by Diophantine triples.
Let us mention that in [8] the authors constructed elliptic curves induced by Diophantine triples with torsion groups Z/2Z × Z/10Z, Z/2Z × Z/12Z and Z/4Z × Z/4Z over quadratic fields.
Remark. It has been conjectured in the past by many authors that there exist elliptic curves of arbitrarily high rank, and even for each of the torsion groups in Mazur's theorem.
However there are also heuristic arguments that suggest the boundedness of the rank of elliptic curves, see section 8.3 in [23] , for example. According to this heuristic only a finite number of curves would have rank higher that 21. The known lower bounds for infinite families fit very well with the bounds given by these heuristic arguments, see [5] .
In particular for the following torsion groups the conjectured bound by the heuristic and the known bounds coincide: Z/6Z (bound 5), Z/8Z (bound 3), Z/2Z × Z/4Z (bound 5) and Z/2Z × Z/6Z (bound 3).
2.
Torsion Z/2Z × Z/2Z and rank 6 over Q(t) 2.1. Rank ≥ 3 over Q(t). Since an elliptic curve induced by a Diophantine triple has three rational points of order 2, its torsion group contains Z/2Z × Z/2Z.
In [4] several families of D(n)-quadruples are described. We will use for our construction the one given by
For each a and k this quadruple is a D(2 a(2 k+1)+1)-quadruple. Now we specialize to the following value of k:
The resulting quadruple is a D(n 2 )-quadruple and once divided by n we get the following rational D(1)-quadruple:
c 2 (a, n) = ((n − 3)(n − 1) + 2 a)((n + 1)(n + 3) + 2 a) 16 a n , c 3 (a, n) = (n − 3)(n − 1)(n + 1)(n + 3) 4 a n , c 4 (a, n) = ((n − 3)(n − 1) − 2 a)((n + 1)(n + 3) − 2 a) 16 a n .
In the terminology of [16] , (2) Now we define the elliptic curve associated to the triple {c 1 , c 2 , c 3 } as explained above, i.e.:
Note that we choose an irregular triple which is a subtriple of an irregular quadruple. Otherwise, by [6] , the points P 1 , P 2 , P 3 would not be independent.
Besides the 2-torsion points, this curve has the points with x-coordinate given by 0, c 4 (a, n) and
where as before
In terms of a and n, the three rational points (1) are:
.
) has torsion group containing Z/2Z × Z/2Z and rank ≥ 3 over Q(n, a). The points P 1 , P 2 and P 3 are of infinite order and independent.
Proof. Since the specialization map is always a homomorphism, see e.g. [24] , it is enough to prove that there exist values of a and n such that the specialized three points are Q-independent. Consider for example a = 2 and n = 5. Then the specialized points are
A calculation using J. Cremona's program mwrank [3] shows that the elliptic curve induced by the triple having these parameters has rank 3, and from obtained generators it is easy to check that the three points Q 1 , Q 2 and Q 3 are independent.
The symbolic calculations in this and the next sections were carried out with
2.2. Search for higher rank. Now we look for conditions on a and n such that there are new rational points on the curve. This task is made simpler by means of a change of variable. The coordinate transformation
applied to the curve leads to
Next, the change x → x − c 1 (a, n)c 2 (a, n) transforms it into
From this point on, in order to avoid denominators, we will make, when necessary, the appropriate change of variables to write the curve as
where A(a, n) and B(a, n) are integral. This leads to the following values of the coefficients A and B:
A(a, n) = 81 + 108 a + 108 a 2 − 96 a 3 − 32 a 4 − 180 n 2 − 84 a n 2 − 120 a 2 n 2 − 32 a 3 n 2 + 118 n 4 − 28 a n 4 + 12 a 2 n 4 − 20 n 6 + 4 a n 6 + n 8 ,
Finally, the x-coordinates of the three rational points corresponding (under the coordinate transformation) to P 1 , P 2 and P 3 are
2.3.
Construction of a curve of rank 4 over Q(t). Now we look for those polynomial factors of B that can be conditioned in a simple way to yield a new point in the curve. The condition for (3 + 2a − 4n + n 2 )(−3 + 2a + 3n 2 )(−9 + 4a 2 + 10n 2 − n 4 ) to became the X coordinate of a new point is that 2(9 + 6a + 8a
converts into a square. This can be achieved with the value n = 7/3. The coefficients of the curve are
B(a) = 243a 2 (20 + 3a)(−4 + 9a)(16 + 9a)(80 + 9a)(320 + 81a 2 ),
and the x-coordinates of the preceding points jointly with the new one are
x 2 = 27a(20 + 3a)(−4 + 9a)(80 + 9a)
This is a curve with rank ≥ 4 over Q(a) since it can be proved that the four points quoted above are independent. Indeed, by taking a = 7 we find that the specialized points are independent. Moreover, this specialization satisfies the conditions of [18, Theorem 1.1] and thus shows that the rank over Q(a) is exactly equal to 4 and the torsion group is equal to Z/2Z × Z/2Z. The corresponding quadruple is
Theorem 2. The elliptic curve induced by the first three components of the Diophantine quadruple (5) has torsion Z/2Z × Z/2Z and rank equal to 4 over Q(a).
The points with x-coordinate given in (4) are of infinite order and independent.
2.4. Construction of curves of rank ≥ 5 over Q(t). We have found 30 specializations of the parameter in the above rank 4 curve leading to curves having rank ≥ 5. In four cases with a further specialization we get rank 6 over Q(t).
We present the details in one of the cases and in the other three we just quote the specialization of the parameter a leading to rank 6 curves.
In order to force 9a(−20 + 9a)(16 + 9a)(80 + 9a) as X-coordinate of a new point in the rank 4 curve we have to parametrize 10(−20 + 9a)(−2 + 9a) = square. We get
Now the curve with rank ≥ 5 is
Five independent points have the X-coordinates as follows
and the quadruple is:
2.5. Construction of curves of rank 6 over Q(t). Now we can force
as X coordinate of a new point in the previous curve with rank ≥ 5 by solving −(−2 + 7w)(2 + 7w) = square, so we have
With this choice of w the curve transforms into the rank 6 curve given by
The X-coordinates of six independent points are as follows
(369 − 542v 2 + 369v 4 ),
2 )(9 + 80v + 9v 2 )(−27 + 13v 2 ) (−13 + 27v 2 )(9 + 8018v 2 + 9v 4 )(369 − 542v 2 + 369v 4 ),
(31 − 258v 2 + 31v 4 ),
and the quadruple becomes:
,
42(−27 + 13v 2 )(−13 + 27v 2 )(9 + 178v 2 + 9v 4 ) ,
, q 4 = 3(111 − 418v 2 + 111v 4 )(237 + 2074v 2 + 237v 4 ) 14(−27 + 13v 2 )(−13 + 27v 2 )(9 + 178v 2 + 9v 4 )
By taking the specialization v = 5 and applying [18, Theorem 1.1] we see that these six points are independent and the rank over Q(v) is exactly equal to 6 and the torsion group is equal to Z/2Z × Z/2Z.
Theorem 3. The elliptic curve induced by the first three components of the Diophantine quadruple (9) has torsion Z/2Z × Z/2Z and rank equal to 6 over Q(v).
The points with x-coordinate given in (8) are of infinite order and independent.
2.6. Other curves of rank 6 over Q(t). The following specializations of the parameter a in the rank 4 curve of subsection (2.3) also produce rank 6 curves (10)
2.7.
Examples of curves of rank 11 over Q. Here we give some information on curves induced by Diophantine triples with rank equal to 11. At present there are only few curves known with torsion group Z/2Z × Z/2Z and rank ≥ 11 (due to Elkies, Eroshkin, Dujella and Kulesz, and the authors; the record is a curve with rank 15 found by Elkies in 2009; see [5] for details). We were able to find six new curves with rank 11 in the family from Section 2.3 for a = − , and one curve in the family from Section 2.4 for w = 409/400. The curves are found by the similar sieving algorithm as in [1] , and the rank is computed by mwrank [3] . We give details only for the first curve corresponding to a = − 2020 112311 , since it is the curve with the smallest conductor among all known curves with torsion Z/2Z × Z/2Z and rank 11. Details on other mentioned curves can be found on [5] .
The curve
− 1552915744756258927995988436385792000000 x, has rank 11 over Q and it is induced by the rational Diophantine triple 2020 262059 , − 215599320 8822653 , − 199664 2121 .
The minimal Weierstrass equation for this curve is
Torsion points are O and: so that its rank is at least 11. mwrank (which uses 2-descent, via 2-isogeny if possible, to unconditionally determine the rank) establishes that in fact the rank is exactly equal to 11.
3. Torsion Z/2Z × Z/4Z and rank 4 over Q(t) 3.1. Curve with torsion Z/2Z×Z/4Z and rank 4 over Q(t). We just summarize the main results in our paper [11] . In that paper we have shown that the following triple
induces the elliptic curve 
having rank ≥ 4 over Q(t). Indeed, it contains the points whose X-coordinates are
× (69t 4 + 148t 3 + 78t 2 + 4t + 1),
and a specialization, e.g. t = 2, shows that the four points P 1 , P 2 , P 3 , P 4 , having these X-coordinates, are independent points of infinite order. Thus we obtained an elliptic curve over the field of rational functions with torsion group containing Z/2Z × Z/4Z and rank ≥ 4. In fact, by using the algorithm of Gusić and Tadić [17, 18] to find an appropriate injective specialization (e.g. t = 15), it can be shown that the rank over Q(t) is exactly equal to 4 and the torsion group is equal to Z/2Z × Z/4Z. This improves previous records (with rank ≥ 3) for curves with this torsion group, obtained by Lecacheux [19] , Elkies [13] and Eroshkin [15] .
3.2.
A curve with torsion Z/2Z × Z/4Z and rank 9 over Q. In the same paper [11] we presented a curve of rank 9 over Q. This is the current record for all known elliptic curves with torsion group Z/2Z × Z/4Z. Previous records with rank 8, are due to Elkies, Eroshkin and Dujella ( [13, 15] ). The minimal Weierstrass form of the curve is
It is induced by the Diophantine triple
The curve is obtained from the family of curves
for (r, s, t, v) = (155, 54, 96, 106). We obtained in [11] 4. Torsion Z/2Z × Z/6Z and rank 2 over Q(t)
4.1. Torsion Z/2Z × Z/6Z and rank ≥ 1. Consider the following quintuple
Then {a, b, c 1 , c 2 , c 3 } is a rational Diophantine quintuple. Furthermore, the Diophantine triples {a, b, c 1 }, {a, b, c 2 } and {a, b, c 3 } satisfy the condition of [9, Lemma 1], and thus the elliptic curves induced by these three triples have torsion Z/2Z × Z/6Z and rank ≥ 1 over Q(u). These three curves are birationally equivalent. The elliptic curve induced by {a, b, c 1 } can be written as
A point of infinite order point is P (u) given by
4.2. Search for higher rank. First curve. We have found that imposing
as the X-coordinate of a new point in the curve is equivalent to parametrize 4 − u + u 2 = square, which can be done with u = − (−2+w)(2+w) 1+2w
. Using this specialization of the parameter we get a curve with rank 2 over Q(w) and torsion Z/2Z × Z/6Z. The curve can be written as 
Two independent points of infinite order have the following X-coordinates
The specialization w = 57 satisfies the conditions of [18, Theorem 1.1], which shows that the rank over Q(w) is equal to 2.
The triple used for the curve is as follows
We get rank 5 curves over Q for the following values: w = 
as the X-coordinate of a new point in the curve is the same that solving u 2 +u+2 = square or u = − −2+w 2 −1+2w . This specialization of the parameter leads to another curve with torsion Z/2Z × Z/6Z and rank 2 over Q(t). The coefficients of the curve are 
Two independent points of infinite order have the following X coordinates
The specialization w = 18 satisfies the conditions of [18, Theorem 1.1] and gives that the rank over Q(w) is equal to 2. The triple used for the curve is as follows
2(−2 + w 2 )(1 − 6w + w 2 )(−5 + 6w + w 2 ) ,
For the value w = 7 19 the corresponding curve has rank 6 over Q. This curve was previously found by Elkies and it is the record for this kind of curves (see [5] for details of this curve). Now we have shown that in can be obtained by Diophantine triples. In fact, it is induced by the Diophantine triple 31269599 31628160
, − 23721120 31269599 , 1461969791 7144352640
4.4. Search for higher rank. Third curve. In a recent paper [9] it is shown the existence of infinitely many rational Diophantine sextuples. In the proof elliptic curves are used in order to extend a family of rational Diophantine triples to a family of sextuples. It is shown that the curve induced by that triple has rank 1 and torsion group Z/2Z × Z/6Z over Q(t). Again in this family we are able to find a specialization that gives a curve with rank 2.
The triple is as follows
2 6t(t + 1)(t 2 − 6t + 1) , c = (t + 1)(t 2 − 6t + 1) 2 6t(t − 1)(t 2 + 6t + 1) .
As said before the elliptic curve induced by the triple {a, b, c} has torsion group Z/2Z × Z/6Z and rank ≥ 1 over Q(t). We have found two possibilities in order to increase the rank, one of them by solving 1 − 30t + t 2 = square; this gives a rank 2 curve, but it is one of the previously shown families. In the other condition we have to parametrize t 2 − 3t + 1 = square or t = − (−1+w)(1+w) 3+2w
. When written in the form Y 2 = X 3 + A 3 (w)X 2 + B 3 (w)X the coefficients are The triple becomes q 1 = − 18(−1 + w)(1 + w)(3 + 2w)(−4 − 2w + w 2 )(2 + 2w + w 2 ) (−2 + w 2 )(−14 − 12w + w 2 )(−8 + 20w 2 + 12w 3 + w 4 ) , q 2 = − (−2 + w 2 ) 2 (−14 − 12w + w 2 ) 2 (2 + 2w + w 2 ) 6(−1 + w)(1 + w)(3 + 2w)(−4 − 2w + w 2 )(−8 + 20w 2 + 12w 3 + w 4 ) , and the X-coordinates of two points of infinite order are as follows: The specialization w = 14 satisfies the conditions of [18, Theorem 1.1], so the rank over Q(w) is equal to 2.
for which mwrank and magma give that 0 ≤ rank ≤ 2 (and by the parity conjecture the rank should be 0 or 2). The construction starts with the triple {a, b, c}, where b = r 2 −1 a , c = a+b+2r, and we force the point with the first coordinate 1 abc to be of order 4. The condition becomes −4r 4 + 4r 2 + 1 = square. The quartic curve defined by this equation is birationally equivalent to the elliptic curve Y 2 = X 3 +X 2 +X +1 with rank 1 and the generator P = [0, 1]. The first multiple of P producing the triple with positive elements is 6P (the next is 11P ), and it yields the triple given above.
